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Abstract 


In 1975, P. Erdés proposed the problem of determining the maximum number 
f(n) of edges in a graph of n vertices in which any two cycles are of different lengths. 
In this paper, it is proved that 


f(n) >n+32t-1 


. Consequently, 


for t = 27720r + 169 (r > 1) and n > Sty? + 5144417 — 3309665 


lim infysoo AYE* > 4/2 + Be, 


1 Introduction 


Let f(n) be the maximum number of edges in a graph on n vertices in which no two 
cycles have the same length. In 1975, Erdés raised the problem of determining f(n) (see 
[1], p.247, Problem 11). Shi[2] proved that 


f(n) > n+ [(V8n — 23 + 1) /2] 
for n > 3. Lai[3,4,5,6] proved that for n > (1381/9)t? + (26/45)t + 98/45, t = 360q + 7, 


f(n) >n+19¢-1, 
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and for n > e™(2m + 3)/4, 


f(n)<n-2+ ynln(4n/(2m +3)) + 2n + logo(n + 6). 
Boros, Caro, Füredi and Yuster[7] proved that 
f(n) <n+1.98Vn(1 + o(1)). 


Let v(G) denote the number of vertices, and e(G) denote the number of edges. In this 
paper, we construct a graph G having no two cycles with the same length which leads to 
the following result. 


Theorem. Let t = 27720r + 169 (r > 1), then 


f(n) >n4+32t-1 


691142 , 514441, _ 3309665 
forn > er ee T 


2 Proof of Theorem 


Proof. Let t = 27720r + 169,r > 1, nm = Eoy? | Sy — 3309665, n > n. We shall show 
that there exists a graph G on n vertices with n + 32t — 1 edges such that all cycles in G 
have distinct lengths. 

Now we construct the graph G which consists of a number of subgraphs: B;, (0 < 
i < 21t + TL — 58, 22t — 798 < i < 22t + 64, 23t — 734 < i < 23t + 267,24t — 531 < 
i < 24t + 57,25t — 741 < i < 25t + 58,26t — 740 < i < 26t + 57,27t — 741 < i < 
27t + 57, 28t — 741 < i < 28t + 52, 29t — 746 < i < 29t + 60, 30t — 738 < i < 30t + 60, and 
31t — 738 < i < 31t + 799). 

Now we define these B;’s. These subgraphs all have a common vertex x, otherwise 
their vertex sets are pairwise disjoint. 

For Tti < i < t — 742, let the subgraph Bigt+2i+1 consist of a cycle 


— 1D 144t+13i+1463 
Ciot+ 2641 = LL, U,V; x 


and eleven paths sharing a common vertex x, the other end vertices are on the cycle 


Chott 2i41: l 
E a gee) aH 
T 2 
relata.. etOi 315)/2+3i 
wa} ga? 4.x {igh D/2 gout 313) /2+4i 


1.2 (15t—1)/2_(111t+313)/2+5i 
LL; Lig- -Tig Tì 


1.2 17t—1)/2_ (131t+311)/2+6i 
LL; 6X; g---Li.6 x; 


1.2 17t—1)/2_(151t+309)/2+7i 
LL; 7 U5 7 LG 7 Ti 


1.2 19t—1)/2_ (171t+297) /2+8% 
LL; gL; g- -Lig T; 


1.2 19t—-1)/2 _(191t+301) /2+9% 
LX; gLj g- Tig Ti 


1 2 (21t—1)/2_(211t+305)/2+10i 
TTi 10% i,10-+-i,10 Ti 

1 .2 (t—571)/2_(251t+2357)/2+11i 
TTi Tige Ti Ti . 


From the construction, we notice that Bigt+2;+1 contains exactly seventy-eight cycles 


of lengths: 
21t +7 — 57, 22t if, 23t + i + 210, 24t + 1, 
Zot t+, 26t + 7, 27t +i, 28t +4 —5, 
: 29t +i +3, 30t +i +3, 31t +i + 742, 19t + 224+ 1, 
32t + 2i — 51, 32t + 2i + 216, 34t + 27 + 209, 34t + 22, 
36t + 22, 36t + 22 — 1, 38t + 2i — 6, 38t + 22 — 3, 
40t + 2i + 5, 40t + 22 + 744, 49t + 3i + 1312, 42t + 3i + 158, 
43t + 3i + 215, 44t + 32 + 209, 45t + 3i — 1, 46t + 3i — 1, 
ATt + 31 — 7, 48t + 32 — 4, 49t + 3i — 1, 50t + 32 + 746, 
58t + 4i + 1314, 53t + 4i + 157, 53t + 4i + 215, 55t + 4i + 208, 
55t + 4i — 2, 57t + 4i — 7, 57t + 4i — 5, 59t + 42 — 2, 
59t + 4i + 740, 68t + 52 + 1316, 63t + 52 + 157, 64t + 5i + 214, 
65t + 52 + 207, 66t + 52 — 8, 67t + 52 — 5, 68t + 52 — 3, 
69t + 52 + 739, 77t + 62 + 1310, T4t + 62 + 156, 74t + 6i + 213, 
76t + 62 + 201, 76t + 62 — 6, TSt + 62 — 3, 78t + 6i + 738, 
F 87t + Ti + 1309, 84t + Ti + 155, 85t + Ti + 207, 86t + Ti + 203, 
~ 87t + Ti — 4, 88t + Ti + 738, 96t + 8i + 1308, 95t + 8i + 149, 
c 95t + 8i + 209, 97t + 82 + 205, 97t + 8i + 737, 106¢ + 92 + 1308, 


E 105t + 92 + 151, 106¢ + 9i + 211, 107¢t + 9i + 946, 115¢ + 102 + 1307, 
O 116¢+ 102+ 153, 116t+ 10: +952, 125t+ 1124+ 1516, 126¢+4 11i + 894, 
134t + 12i + 1522, 144t + 13i + 1464. 


Similarly, for 58 < i < a let the subgraph B21t+i-57 consist of a cycle 


1,2 | 126t+11i+893 


and ten paths ? 
11t—1)/2_ (31t—115)/2+i 
Be 


13t—1)/2 
Yr gY2o-YSn ys 
2 ( 


1.2 (13t—1)/2_ (71t+315)/2+3i 
TYi 3Yi 3- Yi,3 Yi 


51t—103)/2+2i 


DULY; As 
LY; Vis Vis 
00. oh oot g 
LY; Ve 7 Yer 
LY; Ve a--Yis 


1,2 
TY; 9 ig: Vig 


1 2 
TY; 104i,10°° 


17¢—1)/2 (131#4+311 
Yi 
17t—1)/2_ (151t+309 
Yi 
19t—1)/2 (171t+297 
Yi 
19t—1)/2_ (191t+301 


21t—1)/2_ (211t+305 
Yi, 10 


15t—1)/2 (91t+313) /2+47 
Me 


15t—1)/2_ (111#4+313 
Yi 


/2+5i 


/2+6i 


/2+7i 


/2+8i 


/2+9i 
i 


i 


/2+10i 


Based on the construction, B21t+i-57 contains exactly sixty-six cycles of lengths: 


Ilt +i —57, 2t+it7, 23t+i+210, 24t+3, 
Bt +i +1, 26t + i, OTE +a, Vera 5, 
29t +i +3, 30t +i +3, 31t+4+742, 32¢+2¢—51, 
32+ 2% +216, 34f+21+209, 34¢4 2%, 36t + 2i, 

36t +2i— 1, 38t + 2i — 6, 38t+2i—3,  40t+2i+5, 
AtA TA Awis 43¢4+3¢4+215, 44¢ + 3¢ + 209, 
45t + 3i — 1, 46t + 3i —1, ATt+3i—7, 48t+3¢—4, 
49t + 3i — 1, 50t +3i +746, 53t+4i+157, 53t+4i+ 215, 
55t +4i +208, 55¢+4i—2, Bit+4i—7, d57t+4i—5, 
59t + 4i — 2, 5Ot+4¢+740, 63t+5i+157, 64t+ 5i+ 214, 
65t + 5i +207,  66t+5i-—8, 67t+5i—5, 68t+5i—3, 


69t + 5i + 739, 
76t + 6i — 6, 
85t + 7i + 207, 


74t + 6i + 156, 


78t + 6i — 3, 


86t + 7i + 203, 


74t + 6i + 213, 
78t + 6i + 738, 
87t + Ti — 4, 


76t + 6i + 201, 
84t + Ti + 155, 
88t + 7i + 738, 


95t + 82 + 149, 95t + 82 + 209, 97t + 8t + 205, O76 + 8i + 737, 
105t + 9i + 151, 106t+9i +211, 107t+9i+946, 116t+ 102 + 153, 
116t + 10: + 952, 126t + 117+ 894. 


Bo is a path with an end vertex x and length n — n. Other B; is simply a cycle of 
length i. 


It is easy to see that 


v(Bo) + De® (o( Bi) — 1) + uena] 


= 
+ Da a (Y v(Brorpait2) — 1) + Oe basi (v(Bi) — 1) 


v(G) 


-7 
T Du (v(Bəit+i-57) — 1) + Xitan -rs(0(B:) =F ae E -= 1) 
A Li- sai (0(B:) =) Pa 25t— AIC (By) = 1) + Lia r40(U( Bi) = 1) 
T ore rai (v( By) == See zai (v(B;) — 1) + Diea ra6(U( Bi) =1) 
+ Oe sbr_738(Y(Bi) — 1) + itso (v( Bi) — 1) 


E S GS D; t (144 + 13i + 1463 


11t-1 13t-1 13t—1 e 1 1a 1 mel 17t—1 
E u 192-1 H %21 T t— Sr y t— a F z 
H p L + eee t+ ee Tiss (19t + 2i + 1) 


oe 148i (2 — Wes ©, (126¢ + 11i + 893 
TA 13t- 14 13t- Lp Iti 4 16m q I1 4 I 


ICA Ta 198-1 a atr) ns 5522ra (i =i 

E 20r (i —1)+ Dor als 1) + Ye mili — 1) 

+ eG rao(t — 1) + oper ea (i — 1) + Oe obe ea (i — 1) 

+ eben rag(t — 1) + Deeb rae (é — 1) + Deg ae(t — 1) 
= n-mt ig(- —3309665 + 1028882¢ + 691127) 


= n. 


Now we compute the number of ~ of G 


e(G) = e(Bo) + X; i) + a Thee e(Bigt+2i+1) 
+ x pn <(Brovaseaa) + ea eer e(Bi) 


oF 2 58 T TR 57) + + Daae 798 e(Bi) + + Daoa e(Bi) 
+ ee 531 e(B;) + abe ra e(Bi) + oe 6b 740 €( Bi) 
+ Ee a e(B;) + be ral e(Bi) PE- Sbe yas €( Bi) 
+ Diese 738 E(B i), + Esher €( Bi) 

= =e Soe Tip D- te (144 + 13i + 1464 
ja + iei 4 Ba 4 15441 4 i + a + inet 
a + 7 4 ae 1 i t Sri D + oa Kd (19t + 2i + 2) 


T-T. 
1lt+1 A  I3t+1 4 13t-t1 Siti 4 15t+1 i IHI i Liti 


oe THL (B 


3 3 9 2 
wia 4 si 4 2f 224464 
T T 3 ) + zone 798 a 


2 

or S28 207 i+ Di "tss a+ D atomai 1 
LU + Erebia + Di ie "rat + ae) abe 741 Í 
— + eset 746 t+ spe rast + Dral ras i 
= n-m+ ig(- —3309681 + 1029394t + 6911t?) 
= n+32t—1. 


Then f(n) > n+ 32t — 1, for n > nm. This completes the proof of the theorem. 


arg 
© | 
Ne} 


as 
ol 


From the above theorem, we have 


f(n)-—n > /o4 ee 
Jn 6911 


which is better than the previous bounds v2 (see [2]), 4/2 + #82 (see [6]). 
Combining this with Boros, Caro, Füredi and Yuster’s upper bound, we have 


1.98 > lim sup rae > lim inf a 


n— oo n n—00 


lim inf 
noo 


> 1.5397. 
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